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A harmonic map u produces the ingredients (" TN, M™, g,V xdu) (1)
of the generalized isometric embedding problem.
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To show the existence of the analogeous of conservation laws when there
are no symmetries for a system of partial differential equations.
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Theorem ((V3, M* g, V,¢)2 ASD case)

Let M* be an oriented real analytic 4-dimensional manifold endowed with
a metric (actually a conformal structure is enough). Consider a real
analytic vector bundle V3 of rank 3 over M*, endowed with a Riemannian
metric g, g-compatible connection V, and a anti-self-dual covariantly
closed V3-valued differential 2-form ¢. There exists then a local
generalized isometric embedding W of V3 into M* x R3+“2a2%‘59, where
Kao.asp = 4, such that W(¢) is a local conservation law.
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Solving Strategy

Vi (wj)=n, and WV (wi)A¢ =0

J 1

On the product manifold

SO(n+ kK, p)
SO(kM. )

m,p

Z”m,p =M™ x

the naive EDS is , , ,
Imp = {wj = mjywi A 0"}
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Solving Strategy

The generalized isometric embedding EDS is
Thp= {wj' — 77j,wg Aw? + Q},wf A gb’}
On the product manifold

SO(n+ /<;”m7p)
SO(kn, )

'm,p

Y p=M"x

where Q is the curvature 2-form of V (QJ’ = dnj’: + mj A 17}‘).
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o Generalized torsion : © = E;0' := E;(d¢' + 7)} A@).
o Generalized Bianchi identities :By, , := E;(Q2; A ¢/) = 0.

@ Generalized Riemann curvature tensors :

Kmp i ={(Rj.) € NP(R") @ A(R™)|Q; A ¢/ =0,Vi=1to n}.
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The prolongation process of 777, , yields to : w? = H;”’/\'r/’\ where

AEWL o1 @RT@R™ and WY, is a Euclidean space of dimension
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Solving Strategy

The prolongation process of 777, , yields to : w? = f’/\n’\ where
N EWL o1 @RT@R™ and WY is a Euclidean space of dimension
FKim,p» @nd

@ Generalized Cartan ldentities :

ZH AUhnsty = 0

A=1,
1< < <up\m
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Solving Strategy

The prolongation process of 777, , yields to : w? = f’xr;’\ where
N EWL o1 @RT@R™ and WY is a Euclidean space of dimension
FKim,p» @nd

@ Generalized Cartan ldentities :

ZH AUhnsty = 0

A=1,
1< < <up\m

o Generalized Gauss Map :

n i i
( mp)J )\M Hl)\HjH - H,‘“.I_Ij)\ — j;)\,u‘
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Lemma

Let k! >(m—-1)(n-1).

mm—1 =
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Specialization For The Conservation Law Case : p=m —1

Lemma

Let rp, oy = (m—1)(n—1). Let Hp, . (M) CWg . 1 @R"®@R™ be
the open set consisting of those elements H = ( 2) so that the vectors
{Hp|li=1,....n—1and A =1,...,m— 1} are linearly independent as
elements of Wy, ., 1 and satisfy the generalized Cartan identities. Then

n . gn n
mm—1 - 7—lm,m—l ’Cm,m—l

Nabil Kahouadji, Ph.D. Conservation Laws and G lized Isometric Embedding; June 14, 2011 40 / 42




B McGill Solving Strategy
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Lemma

Let rp, oy = (m—1)(n—1). Let Hp, . (M) CWg . 1 @R"®@R™ be
the open set consisting of those elements H = ( 2) so that the vectors
{Hp|li=1,....n—1and A =1,...,m— 1} are linearly independent as
elements of Wy, ., 1 and satisfy the generalized Cartan identities. Then

" Casn n . o .
mm—1° Hmm—1 — Km m_1 5 @ surjective submersion.
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Perspectives

@ Global versions in the analytic category.

@ Local and/or global versions in the smooth category.

© Solving the problem for p=1,....,m—2.

@ Understanding possible geometric obstructions.

@ Studying the rigidity of the generalized isometric immersions.

O Studying the problem for a structural group G C O(n).
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Thank you very much for your attention

Merci infiniment de votre attention
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