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T Stalement o]f the pm@fem
Matural distriButions on ))o’ra@o&'c

homogeneous Spaces

G be osemisimple aro
% Be 4s Lie f@wg_ P

P G o. parafolic sub rou.p of &
P Be the Lie a.eaeero,a of P

"~ - - == T S ey W e w— — — — -
-‘-—
— e

;{g\en ¥ t'se”uc‘ppeal with the natural
structure of 8mded Lie aeﬂelra, :
i
Q= t=- §i s
S N 5
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Natu.rae dictrbutions on pa,fa@o&'c

ﬁomoje neoys Spates

Consider the corresponding homogenesus
space - M= G4 ‘

let ose? Ce ”xe coset 0{ c‘olentig‘
Then T,MT a9

let D % the 6 -invariont
distribution eZ“‘“e +o g-, Modp

at 0 - naturel G-invarant
distrbution on §p o n
" We are interested in the problim of eguia-
lonce of indeqral curves of the natural oliclnBu-

tion D on 6/p with respect to the action
o} 6 (both For upare mednzed and

pau;a, metnzed ‘ctu rve&\




Metivation -3eomei1y of Curves of -/(ags

Example 1
Fix m{ejcrs 0 <kilg¢..¢ W, v'\'
let F. . e, (W) b. the ma.m{ofd of feags I R
/\-\CA.,_C... c A-j, cR” such that
dim /\-;z R:  |ets
Fw\, ,w ('\) = SL(MR}

JA Wohon f,n‘.',x, Dy o + Oi
0; J\ +2gi%’c\

LS. S — Py e — e e - _— e = - - - — - -

AlE)= {4 .,(e)c <A.}.M} 'S an tn'lejra@
Cwrve o[&'\e ho,-luru.e d\s'l'n@u{'ton on

‘FK, ' (W) if ond onca t\)t

A ('0 <A Lo\ (t) |
or ezwvucen"eé A; (Qe Hom (A, m . 'l/‘&
fom {)OJ g e”‘,) wW.Ct (J :,‘,e«_,réj ‘{". fiﬂj{’. )

s’



Parhicular case - non -degenerate
CLrves In the. ijecﬁve space tRPK.
Non-o\eymro.ca means 1had o curve
oloes not Lie (n any proper bnear squpaa.
of ®e¥
Taking the osoulating {Ca,g
| \ w Cbk-\\)
¥cy¥ cy ...
one gels o curve of complefe {Caps
Lw '[R'M and 4 LS an [Me"me
CW‘" 0{ the natural distibution in SL (<1 )

e

il /
2 0¢ ,,
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E)(ampep,z Curves of Y mplachic fc-gés
Assume t'h)o,olali.}{on “'ml n LS éven and
\ R™ s endowed wt'\“\ a.sgmp&c-h‘c
structure € . ‘

A {Caq -f us called ngp@wh‘c ot
1he fotlowing two amditions hold :

4) any subspace tn the flag |

(s etther (Sotropie or cols ofropic
w.rt € i

(2) @ Su.@space &@onjc To the f&’ﬂ f 4

ioae%er with 4s sRew- Symme tni
complement w.rt, ¢
We are vnterested ¢n gcoom"l?, of curves

of symplechic flags compah@l w.et.
cufferewtion ~ Maturally appeg L eremats



Aﬁgw@rouc v;,_:‘;t_'_o‘n__of_ Cartan's method of

- @R o b J— LR J—

-
| — — e~ —— — — | —

tion_ for cunes in 6/p
T‘%e. -f-ird natural [hvar ont o{ on t’nfeg-
tal curve of D is o "type“of ifs tan-
?M Une .
Lejl: PD e the projecl'n'vtza#on of D
The action of G on 6/p s no.'fume% Cifted
Lo PD and fis,in 3e.nu-a€)no eonger

transitive. The orfis of thes action are
‘th one-to-one correspondence with the

orbids of the adjoint achion of P on the
ijecﬁve Spacz [Pg.. or,eiu,(vaeenfeg , of

4be adjoni achon of Go on U’s“, where 6o
is the subgroup of G with Lie alyebra 9.



T‘»e ngﬁoe Of on m+e3m€ cure ¥
O-[ D ad o.Poun‘
Each cniesrac curve Y of D (n &/p

LS nmm% &'{{ed 1o 1he curve in PD
‘W\e ‘a(ézf‘r: Bot 03{ Jr}!e curve ¥ ot .
PO';"! x LS ‘H)c or&'% of }he a,o)[oremw.

tioned achon of G, on Pg., cor-

responolmg to }he ’fungenf bine T, 3’
to X af x

Then (E \/wl’w , 193€) The action

0] the group G'o on [P(5 .4 has aﬁmk
number of ocbits

L

Any thiegral cune of D in o necg“
qagebenc Pom"' "\GS Q constant ;f“(f
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It ¢s natural o restnct aurrebves o the
Case 01( 6nk3ra(. curves with constond
Ssmﬁoe.
Fix an element m eﬂ>3-1 and
consider 0@ CMQS}-aC curves of D

m 6/p wih the symél af any

ot Whieh 5 an okt of m e,
the achon of 6o on P 31

n this case we a&o' say el a.
Curve hoes constant "f}ﬂ_e,__m,

,/_-d_v_,’_,‘,/_/-’—//——/ - — s

Our goal To any curve of type m

‘b 0.SSigh the cononical @u.halee 0(
'Nw(ng -cra.mes (h a u.mfc'eal wag
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The feoct curve of type m

Taxe the one- paremeinc su egroup

of G generuted 8y m and &t

X Be iis tmage wnder the cano-
nica ij'ed'ion to @/P of_type_m

A curve s called /o *,V(ﬁ{-'_ﬁ

G -ezuivaeen‘l +to 3’.;., |

- e — — i — e — — — —— — — — T — — s am—

Universat a %ﬁgrm'c pro lon 9 aﬁ'ors '

u (m) of m (s the (afgex-é
gro.ded su@aege@m of 'Y s.b. 0¥
,neao:l'iw part ¢S ezu.ae ‘o m
EXP&'CH construction of u (m)
Plui=0, <-4 and U.i=m

g

or



Uo= | X< go| LM X)c mY - 0-pnlongashio

Uys (xe 3‘ | Cm)*]cuoj . 154 Fm@a@om

By unduction
B 1)(58‘-\ [m,X]Cuc 43 "i\e,t)”“

.'m‘) om,cn OV
Then
u(m) = @©u.

. U3l
Geometnic unierpredation of u(m) -
l‘f SCm) (CG) 'S @ symme*y group of

'H‘Q )wlj( cwve ¥, then wlm) (s
e.xo\cien the Lie af @m of Sem)

— —_—- — —— - — — ~— - o "“

As in Tanaka's 'Hse forf«?imd druc'ture.s 7

WWS we wa nd ioemvlde +he const ructon dﬁv
caron. Qunolle of -fﬂovma frames for any (urve
m wia the Longtruction of such Bunolte -for -lfwl&}«u
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Bundl s of vmoving frames
let w:6>64 b the canoniaal

Principee P- Bundle
Let :T6>a Be the &ft 'nvenant
Maurer- Cartoan form.

B‘a IO. m':ni('r\g fm.,mc éu,erf. oveér
O curve ¥ we mean any sulbundle
E (ho‘i necessary _Pp'_gc_c'p_ee ) of

— D e 4
e d

the P-fundle ') = endee
with an EArCSMam\ Co"“%‘*&bnc |

(e, wiih o rank 4 oi'stnbuhon
€ troncvertal 4o the fzgers of E)



, 2
Some  notions on fiblered angf 8M4’u{ :

Spaces

'f Y= glv; 'S @ sradea/ space
ihen V has a natural decreasing
filcation { V‘")}Iw‘me V. @V,

LK

¥ L s suesPace of V then

'ff\‘e Fétration { V(K)J defines the
-Fc'e','ra‘ﬁ'on { LM} on [ : L(")s.- LOV(V).
() ,
Le‘ 3rL= 5?2 L'/L““) )
where I-(‘.)/th\“) can be nafum”g
wdentified wih o subspace of V,
3\'1 <V



Mormabization condibons -13-
let u*(m§=® u; be o non-nega'hbz
1390
Pu'l o{ the universal aegeerau'e pro -
oﬁnﬁa‘}ion u (m) o-[ m
Let S$*(m)= S(MNP

'H)C 5'Jm me?’"ﬁ‘g 3704/"
of T

‘——-——-~\———----

G.I\D Qraded subspace V<= P

- compeo.menh.rg to [U*(m) +Cm EJ/ *
~ Inother words , M =@ N; | where

N:. S a su@spo.ce of t; c°mp&men-
'fourn to U+ Cm,gu)

N s called S*(m)-uvanant c-/H:a ts
thvonen w.cd, ‘H’\; adjont achion -o{SYm)




Main theorem (B Docbov2 T.2) 7"
Fix o normalieation condition V.
Tv\en ‘fomng eurve ¥ o,f -ﬁgpe m
there exists the um‘zue fmme bundte

ECG aeong B’,W(% EAN;Ma.nn connec-
tion ¢ such that dimE = dim u(m)and
for eath pornt ¢ € E the followinp
2 conditions f'm@al: |

() wlep)cmoNV
- (2) ar u)(TiE) = u(m)
l-f tn ooldhidtion N s S"(m) - (n vanant
then E (5 o Pn’noipa@ S"(m)-@uwo(@e/)
C s o prnupal Connechon  and

W< W (TE) < u(wen



~ 5'-
\ Moreover) w'E olecomposes as & sum
0{ the N- valued 1-form Wy,
Qj\d H’\C u-va.&wo( 1- ’f‘om’\ U)u)

whet Wy s a at Cartan camectin
on ¥ and wy, is o verhial

S*(m)- Q?w'van'au’tf 1-form ofeﬁ‘-

N the funslamental sef of difte-
entel nanents of ¥ ( (e, all
dc.”eren‘l'{al t'nvan'an%g o’C ¥ canr be
0btaived from 1he form Wy, and all

s covar ant olerivatives o|e-ft'md gfj
Covrton

theV connection W,

,h par+c'cuenr, ‘U)e Curve ¥ (s &wé@
—g t & w,, venis hes t'den‘/ﬂ‘m%.
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General structure of Hhe universaf Fm@an B
%o.{'ion U (m)

Fix Xem By Joucobson - Morozov thm
one can complele X 65 elements H and Y
0{ (learee 0 and 1 resPediveQb (in 9) to
the stendard 8asis of %'e\‘guCaegeGm
s€cq,ve.st. [HX)=2X [H V)= (K ¥H

— — —
— e — S — — —— W - — - —
on— —

Cince u(m) is on aCyCm of ¢nfini-
tesimal sgmmdn‘cs O§ the f ot curve o
to any element of u(m) one can assign

0 vechr field on the eurve ¥

let n,. bea subspace of u(m) consisting

| O-‘O.% &eﬁmef\'lis -forwtud\ +L\€. COWESPmding
Vechor fields on ¥y are tdenti (e egualto O

Nne scalled the von-effechivenes (déal of Up,



T‘\e.n u(m) ls & Semuolirect Sum of :C,, '
= s
CHXYD
and Ny

%

|{ S"'(m) - Invan ent hOV‘MQ&M’l‘l‘Oﬂ de“
tion ewsts = Wy de-f(nes +he canonical
PNjQ(:'"\VQ structure on o cure o{ -N‘?( m

. m— — T D o et ot m— o - - — — —-—'«v-———’-——"i—\‘w\

Some Condihons ]cor exiskence of §*(m) -invariast

norea bization condihon gund how o ﬁn o T,
Assume that u(m) ts reduehive .
Then dhe m‘ln’cﬂm of the Ki el.wa form
of 8 on U(m) Csnon-deyenerate.
Clet U(Wt be the orthogonal comph-
ment o{ U(m) w.r.t. 1he K.'é&’ng fOVM
T‘\tn N = {\VG Ulm)"'f [u)Y}:O‘g

(5 on S¥(m)- (nvariant nomalieation
condihon.



Emmpee G = Sl (\9; - 4+he Vm@y :
O{ ComPcele f bjs n R - 5eom¢iry '

of non - degenerate curves in RP™

ra s O p w'\en
(o
X= [40. - a mipotent
G‘ .4 0) 'JDrJfa llock

T'\Q hon-ef{ecﬁvemss Meal Npye =0
So  U(m) & S¢ (R

u(m) tg the creeducible emeedchng
o{ A} Qz (&) T R € i (Q)
A 57(m) - (nverant normal)z ahion
Condihon N = Spaun <Y o 210>

2 (C) = SAY
Wctczghs\n lhvana.n'l:



'ﬂ Sene.ra,& ) S"'(m) - inva.rant horma.-
&'Zaﬂon MaJ hot exist.

. Exampfe Fz'.' ((Ri)
4= Aqlc A e R
\—— —
2 d\n\ “| d\m

S —— - — —-— = e - e = - ™ NS W P ——

Rem 1 S"'("\\ - Invenant normeli 2aion
Moy exs] ewen (f ulm) (snof reoluctive

ci—
~— - N, e N — —— al

Rem 2 For Pa,ramdn'zed curves 1her
Qre two Moolt"fica:l'[ons:

Vo et .‘éf’ { adjeint

| ’) 14 Sej-o,ﬂ\en U-e(f): e fP '\SJ
Uo(S)= A X € 3,\[)(}3}-0

£ —i{e;&- A stont Lar H\eorj Can ¢ Consfruc-

wa t'nicgn.e Su @ma,mfoed o{ fhe

natural distibehon D 00 6/p

‘-———_’.’—f-—"‘_'



