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IntrodutionNoether's First Theorem yields onservation laws for Lagrangianswith a variational symmetry group.Reently, we proved that Noether's onservation laws an bewritten as the divergene of the produt of a moving frame and avetor of invariants.Interesting fat New format for Noether's onservation lawsredues the integration problem.How do these onservation laws simplify one-dimensional variationalproblems whih are invariant under the speial Eulidean groupSE (3)? 2 / 38
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Moving framesHere we will use the notion of Cartan's moving frame asreformulated by Fels and Olver.Consider a group G ating on the n-th jet bundle Jn(X × U),whose ation is free and regular.
zk ρ(z)K

O(z)U
Figure: A loal foliation with a transverse ross-setion

ρ : U → G 4 / 38



Moving framesMoving frame alulationThe ross-setion K is the lous of Ψ(z) = 0. To obtain the frame
ρ(z) we solve the system

Ψj(g · z) = 0, j = 1, ..., r = dim(G )for the r independent parameters desribing G , in other words wesolve the normalisation equations. By the IFT, a unique solution of
Ψ(g · z) = 0 yields

ρ(g · z) = ρ(z)g−1, or ρ(g · z) = g−1ρ(z),i.e. ρ(z) is equivariant. 5 / 38



Moving framesExample Consider SL(2) ating on (x , t, u(x , t)) as followsg · x = x , g · t = t, g · u =
au + bu + d ,where g =

( a b d ) , ad − b = 1.The indued ation on ux , and similarly for other derivatives of u, isde�ned to be g · ux =
∂(g · u)
∂(g · x) =

ux
(u + d)2by the hain rule. 6 / 38



Moving framesLet z = (u, ux , uxx ) and take Ψ(g · z) = 0 to beg · u = 0, g · ux = 1, g · uxx = 0.Solving a =
1√ux , b = − u√ux ,  =

uxx2u3/2x .Invariants The omponents of the ross-setion I (z) = ρ(z) · z areinvariant.In our running exampleI u111 = g · uxxx |frame = uxxxux − 32 u2xxu2x , I u2 = g · ut |frame = utuxare the lowest order invariants. Let σ = I u111. 7 / 38



Moving framesVarious notations exist for the invariants in the literatureg · uαK |frame = IαK = ι(uαK ) = ιuαK .Analogously, we have invariant di�erential operators
Dj = DD(g · xj) ∣∣∣∣frame .In our running example
Dx =

DDx , Dt = DDt ,and
[Dx ,Dt ] = 0. 8 / 38



Moving framesAll di�erential invariants are funtions of the IαK by theFels-Olver-Thomas Replaement Theorem:If f (z) is invariant, thenf (z) = f (g · z) = f (ρ(z) · z) = f (I (z)).We know that
∂

∂xj uαK = uαKj ,but Dj IαK 6= IαKj ; indeed
Dj IαK = IαKj +MαKj ,where MαKj are the error terms. 9 / 38



Moving framesExample (ont.) We have two generators σ = I u111 and I u2 , and toobtain I u1112 we an use one of two paths.
0 1 0I u2 I u111I u12I u122I u22 I u112 I u1112Dxb b b b

b b

b

b b
DtSyzygy between the two generators

Dtσ = (D3x + 2σDx + σx)I u2 . 10 / 38



Invariant alulus of variationsReall, we want to use the invariantised versions of theEuler-Lagrange equations and Noether's onservation laws to �nd asolution for symmetri variational problems.Reall how we alulate the Euler-Lagrange equations forone-dimensional Lagrangians0 = ddε ∣∣ε=0 L [u + εv ]
=

ddε ∣∣∣∣
ε=0 ∫ ba L(x , u + εv , ux + εvx , uxx + εvxx , . . . ) dx

=

∫ ba (
∂L
∂u v +

∂L
∂ux vx + ∂L

∂uxx vxx + . . .

) dx
=

∫ ba [(
∂L
∂u −

ddx ∂L
∂ux +

d2dx2 ∂L
∂uxx + · · ·

) v
+

ddx ( ∂L
∂ux v +

∂L
∂uxx vx − ( ddx ∂L

∂uxx ) v + . . .

)] dx
=

∫ ab E (L)v dx +

[
∂L
∂ux v + . . .

]ba 11 / 38



Invariant alulus of variationsTo get the invariantised Euler-Lagrange equations and Noether'sonservation laws, we introdue a dummy invariant variable t andset u = u(x , t). Thenddε ∣∣∣∣ε=0 L [uα + εvα] = DDt ∣∣∣∣uαt =vα

L [uα]yield the same symboli result.Example (ont.) Consider the one-dimensional Lagrangian with�nite number of arguments
L [u] = ∫ L(σ, σx , σxx , ...)dx .Introdue the dummy variable t to e�et the variation. This gives anew invariant I u2 = ut/ux with syzygy

Dtσ = (D3x + 2σDx + σx)I u2 = HI u2 . 12 / 38



Invariant alulus of variationsHene,
Dt ∫ L(σ, σx , σxx , . . . ) dx

=

∫ (
∂L
∂σ

+
∂L
∂σx Dx + · · ·

)
Dtσ dx

=

∫ (
∂L
∂σ

−Dx ∂L
∂σx +D2x ∂L

∂σxx + · · ·

)

︸ ︷︷ ︸Eσ(L) H(I u2 )dx
+

[
∂L
∂σx Dtσ +

∂L
∂σxx DxDtσ −Dx ∂L

∂σxx Dtσ + · · ·

]ba
=

∫
H∗ (Eσ(L)) I u2 dx

+
[Eσ(L)D2x I u2 −DxEσ(L)Dx I u2 +D2xEσ(L)I u2 + 2σEσ(L)I u2

+
∂L
∂σx Dtσ +

∂L
∂σxx DxDtσ −Dx ∂L

∂σxx Dtσ + · · ·
]ba ,where H∗ is the adjoint of H. So Eu(L) = H∗Eσ(L) = 0. 13 / 38



Noether's First Theorem
Noether's Theorem provides �rst integrals of the Euler-Lagrangeequations for one-dimensional variational problems that areinvariant under a Lie group.As shown before, we obtain Noether's onservation laws byarefully keeping trak of the boundary terms.

14 / 38



Noether's First TheoremExample (ont.) The onservation laws assoiated to∫ L(σ, σx , σxx , ...)dx are



ad + b −2ab 2d
−a a2 −2bd −b2 d2 



︸ ︷︷ ︸R(g)−1 ∣∣∣∣∣frame −2DxEσ(L)
σEσ(L) +D2xEσ(L)

−2Eσ(L) 
 = .Reall the frame isa =

1√ux , b = − u√ux ,  =
uxx2u3/2x , ad − b = 1.R(gh) = R(g)R(h), so R(ρ(z)) is equivariant.Whih representation yields R(g)? How do we alulate the vetorof invariants? 15 / 38



Noether's First TheoremAdjoint representation of SL(2) with respet to the in�nitesimalvetor �eldsFor g · u =
au + bu + d , where ad − b = 1,the in�nitesimal vetor �elds are2∂u , ∂u, −u2∂u.Let g ∈ SL(2) at on
(2αu + β − γu2)∂u ,where α, β and γ are onstants. 16 / 38



Noether's First TheoremThus, g · (2αu + β − γu2)∂u
= (2α(g · u) + β − γ(g · u)2)∂(g ·u)
=

(2α au+bu+d + β − γ
(
( au+bu+d )2) (u + d)2∂u

=
(
α β γ

)



ad + b 2bd −2ad d2 −2
−ab −b2 a2 



︸ ︷︷ ︸R(g) 


2u∂u
∂u

−u2∂u  .

17 / 38



Noether's First TheoremReall the olletion of boundary termsEσ(L)D2x I u2 −DxEσ(L)Dx I u2 +D2xEσ(L)I u2 + 2σEσ(L)I u2
+

∂L
∂σx Dtσ +

∂L
∂σxxDxDtσ −Dx ∂L

∂σxxDtσ + · · · = k ,where k is a onstant. Substituting D2x I u2 , Dx I u2 et. in the aboveby their di�erential formulae,
D2x I u2 = I u112 − σI u2 ,

Dx I u2 = I u12,
Dtσ = I u1112 − σI u12,

DxDtσ = I u11112 − 4σI u112 − σx I u12,... 18 / 38



Noether's First Theoremwe obtain the onservation law in the form, linear in the I u2J ,
( I u2 I u12 · · ·

)




D2xEσ(L) + σEσ(L)
−DxEσ(L) + · · ·Eσ(L) + · · ·... 



︸ ︷︷ ︸
Cu = k .

Multiplying the vetor Cu by the matrix of invariantisedin�nitesimals, Ωu(I ), we obtain the vetor of invariants
υ(I ) =  −2DxEσ(L)

σEσ(L) +D2xEσ(L)
−2Eσ(L) 

. 19 / 38



Noether's TheoremTheorem Let ∫ L(κ1, κ2, ...)ds be invariant under G ×M → Mwith generating invariants κj , for j = 1, ...,N, and let x̃i = xi , fori = 1, ..., p. Introdue a dummy variable t to e�et the variationand suppose that
Dt ∫ L(κ1, κ2, ...)dx =

∫ [∑j ,α H∗j ,αEj(L)Iαt + Div(P)]dx, (1)where this de�nes a p-tuple P , whose omponents are of the formPi =∑
α,J IαtJCαJ,i = ∑

α,m,JAd(ρ)−1kmΩα(I )mJCαJ,i , i = 1, ..., pand the vetors Cαi = (CαJ,i ). Hene the the r onservation lawsobtained via Noether's First Theorem an be written in the form
∑i Dxi (Ad−1

ρ υi (I )) = 0,where Ad−1
ρ is Ad(g) evaluated at the frame and

υ(I ) =∑αΩ
α(I )Cαi . 20 / 38



Solution of SE (3) symmetri variational problemsConsider the SE (3) group ation on the (x(s), y(s), z(s))-spae,parametrised by the Eulidean ar length, given byx̃(s) = R−1(x(s)− a),where x(s) = (x(s), y(s), z(s))T , R−1 is a three-dimensionalrotation, and a = (a, b, ) a translation vetor.The normalisation equations that de�ne the moving frame arex̃ = 0, ỹ = 0, z̃ = 0, ỹs = 0, z̃s = 0, and z̃ss = 0.
21 / 38



Solution of SE (3) symmetri variational problemsSolving these normalisation equations gives us the frame inparametri forma = x , b = y ,  = z , θ = artan(ysxs), ν = artan( zs√x2s + y2s ),
α = artan( zss

(xsyss − ysxss)√x2s + y2s + z2s ).The in�nitesimal vetor �elds generating SE (3) aref1∂x , f2 = ∂y , f3 = ∂z , f4 = y∂z − z∂y ,f5 = x∂z − z∂x , f6 = x∂y − y∂x . 22 / 38



Solution of SE (3) symmetri variational problemsLetting g ∈ SE (3) at onf = p1f1 + p2f2 + p3f3 + p4f4 + p5f5 + p6f6 gives us therepresentation for g , Ad(g). Evaluating Ad(g) at the frameprovides
Ad−1

ρ =




RT O3×3DTRT DRTD ,where
RT =




xs xss
κ

k1
κys yss

κ

k2
κzs zss

κ

k3
κ




, T =




0 −z yz 0 −x
−y x 0  ,and k1 = yszss − zsyss , k2 = zsxss − xszss , k3 = xsyss − ysxss ,D = diag(1,−1, 1), and O3×3 is the zero matrix. 23 / 38



Solution of SE (3) symmetri variational problemsLet L [κ, τ ] =
∫
[L(κ, κs , τ, τs)− λ(s)(η − 1)] ds be theinvariantised Lagrangian under the SE (3) group ation, where κ isthe Eulidean urvature, τ is the torsion and η =

√x2s + y2s + z2s .Di�erentiation and integration by parts of the invariantisedLagrangian yields two invariantised Euler-Lagrange equations in twounknowns, after using Ex(L) = 0 to eliminate λEy (L) = (κ2 − τ2)Eκ(L) + 2τκEτ (L)− 2Lκ+ κκs ∂L
∂κs + κτs ∂L

∂τs
+
(
τs
κ − 2τκs

κ2 )DsEτ (L) +D2sEκ(L) + 2τ
κ D2sEτ (L) = 0,Ez(L) =−κsEτ (L) + (−κ+ τ2

κ − 2κ2s
κ3 + κss

κ2 )DsEτ (L)
+2κs

κ2 D2sEτ (L)− 1
κD3sEτ (L) + τsEκ(L) + 2τDsEκ(L) = 0,and the oe�ients of IαtJ in the boundary terms, Cα. 24 / 38



Solution of SE (3) symmetri variational problemsTo obtain the invariantised Euler-Lagrange equations and thep-tuple P , we had to use the following syzygies
Dtη = Ds I x2 − κI y2 ,

Dtκ = D2s I y2 − 2τDs I z2 + κs I x2 + (κ2 − τ
2)I y2 − τs I z2 ,

Dtτ =
1
κ
D3s I z2 +

2τ
κ
D2s I y2 −

κs
κ2D2s I z2 + 2τDs I x2 +

(3τs
κ

−
2κsτ
κ2 )Ds I y2

+

(
κ−

τ 2
κ

)
Ds I z2 + τs I x2 +

( τss
κ

−
τsκs
κ2 ) I y2 +

(
κsτ 2
κ2 −

2ττs
κ

) I z2 ,and the di�erential formulae
Dtκ = −2κI x12 = I y112,

Dtτ = τ I x12 − τ

κ
I y112 + κI z12 − κs

κ2 I z112 + 1
κ
I z1112,

Ds I y2 = −κI x2 + I y12 + τ I z2 ,
Ds I z2 = −τ I y2 + I z12,

D2s I z2 = τκI x2 − τs I y2 − 2τ I y12 − τ
2I z2 + I z112. 25 / 38



Solution of SE (3) symmetri variational problemsMultiplying the vetors Cα for α = 1, ..., 3, by the respetivematries of invariantised in�nitesimals, Ωα(I ) and then addingthem up gives us the vetor of invariants
υ(I ) =




−κEκ(L)− τEτ (L) + 2L− κs ∂L
∂κs − τs ∂L

∂τs
−DsEκ(L)− τ

κDsEτ (L)
κEτ (L) + 1

κD2sEτ (L)− τEκ(L)− κs
κ2DsEτ (L)Eτ (L)

− 1
κDsEτ (L)Eκ(L)


The onservation laws are Ad−1

ρ υ(I ) = , where  = (1, 2)T isthe onstant vetor with 1 = (1, 2, 3)T and 2 = (4, 5, 6)T . 26 / 38



Solution of SE (3) symmetri variational problemsUsing the onservation laws Ad(ρ)−1
υ(I ) =  we get a �rstintegral of the Euler-Lagrange equations

(
−τEτ (L)− κEκ(L) + 2L−

∂L
∂κs κs − ∂L

∂τs τs)2
+
(
−DsEκ(L)− τ

κ
DsEτ (L))2

+

( 1
κ
D2s Eτ (L)− κs

κ2DsEτ (L) + κEτ (L)− τEκ(L))2
= 21 + 32 + 23 .How are these onservation laws going to help redue theintegration problem?First we simplify the onservation laws in two steps.First stepApply an element of SE (3), say Ad(g)−1, to both sides of

Adρ(z)−1
υ(I ) =  suh that it sends 1 and 2 to the z-axis. 27 / 38



Solution of SE (3) symmetri variational problemsBut how does Ad(g) at on the vetor ?
Ad(g) =

( R 0DTR DRD )( 12 )The Adjoint representation of G does not at freely on the onstantvetor , sine it preserves the length of 1 and the quantity1TD2, as shown belowDTR1 + DRD2 = ̃2T ̃1 + RD2 = D ̃21TRTT ̃1 + 1TD2 = 1TRTD ̃2̃1TT ̃1︸ ︷︷ ︸
=0 +1TD2 = ̃1TD ̃2 28 / 38



Solution of SE (3) symmetri variational problemsSo let Ad(g)−1 at on  to obtainC =

(0, 0, |1|, 0, 0, 1TD2|1| )T
,generi ase, where 1 6= 0. Hene,

Adρ(̃z)−1
υ(I ) = C, (2)by the equivariane of the right moving frame, i.e.

Adρ(g · z)−1 = Ad(g)−1Adρ(z)−1.
29 / 38



Solution of SE (3) symmetri variational problemsSeond stepNext, applying Adρ(̃z) to both sides of (2) gives us
Adρ(̃z)C = υ(I ),more preisely
|1|z̃s = υ

(1)(I ), (3)
|1|
κ

z̃ss = υ
(2)(I ), (4)

|1|
κ

(x̃s ỹss − ỹs x̃ss ) = υ
(3)(I ), (5)

|1|(x̃ ỹs − ỹ x̃s ) + 1TD2
|1| z̃s = υ

(4)(I ), (6)
|1|
κ

(x̃ss ỹ − ỹss x̃)− 1TD2
κ|1| z̃ss = υ

(5)(I ), (7)
|1|
κ

(x̃(z̃s x̃ss − x̃s z̃ss )− ỹ(ỹs z̃ss − z̃s ỹss ))+ 1TD2
κ|1| (x̃s ỹss − ỹs x̃ss ) = υ

(6)(I ), (8)where we have used υ(j)(I ) to denote the j -th omponent of υ(I ). 30 / 38



Solution of SE (3) symmetri variational problems
One we have solved for κ and τ , we an solve this overdeterminedsystem for the original variables.So starting with Equation (3),z̃s = 1

|1|υ(1)(I ),we obtain that z̃(s) = 1
|1|∫ υ(1)(I )ds.

31 / 38



Solution of SE (3) symmetri variational problemsNext, multiplying Equation (5) by − 1TD2
|1|2 and adding it toEquation (8) gives

|1|
κ

(x̃(z̃s x̃ss − x̃s z̃ss )− ỹ(ỹs z̃ss − z̃s ỹss )) = υ
(6)(I ) − 1TD2

|1|2 υ
(3)(I ),whih simpli�es to

|1|(z̃s (12D2s (x̃ · x̃)− 1)−
12 z̃ssDs (x̃ · x̃)) = κυ

(6)(I )− κ
1TD2
|1|2 υ

(3)(I ),where 12D2s (x̃ · x̃)− 1 = x̃ · x̃ss and 12Ds(x̃ · x̃) = x̃ · x̃s. Now let
Ds(x̃ · x̃) = h(s) and substitute z̃s and z̃ss respetively by1
|1|υ(1)(I ) and 1

|1|Dsυ(1)(I ). Rearranging we obtain the followingequation linear for h
Dsh −

Dsυ(1)(I )
υ(1)(I ) h = 2κ(υ(6)(I ) − 1TD2

|1|2 υ
(3)(I ))/υ

(1)(I ) + 2. 32 / 38



Solution of SE (3) symmetri variational problemsSolving for h gives ush(s) = υ
(1)(I ) ∫ 1

υ(1)(I ) (2κ(υ(6)(I )− 1TD2
|1|2 υ

(3)(I ))/υ
(1)(I ) + 2) ds.Now we know that

Ds (x̃·̃x) = υ
(1)(I ) ∫ 1

υ(1)(I ) (2κ(υ(6)(I )− 1TD2
|1|2 υ

(3)(I ))/υ
(1)(I ) + 2) ds.(9)Using ylindrial oordinatesx̃(s) = r(s) os θ(s), ỹ(s) = r(s) sin θ(s), z̃(s) = z̃(s),Equation (9) gives us thatr(s)2 =

∫

[

υ
(1)

(I )∫ 1
υ
(1)(I ) ( 2κ(υ

(6)
(I ) − 1TD2

|1|2 υ
(3)

(I ))/υ
(1)

(I ) + 2) ds] ds−(∫ υ
(1)(I )
|1| ds)2 .33 / 38



Solution of SE (3) symmetri variational problemsFinally using ylindrial oordinates to simplify Equation (6)
|1|(x̃ ỹs − ỹ x̃s ) + 1TD2

|1| z̃s = υ
(4)(I )we obtain r(s)2θs = 1

|1| (υ(4)(I )− 1TD2
|1|2 υ(1)(I )) .Hene,

θ(s) = ∫ 1r(s)2|1| (υ(4)(I )− 1TD2
|1|2 υ(1)(I )) ds.

34 / 38



Solution of SE (3) symmetri variational problemsTo reover x , y and z , we at on x̃ , ỹ and z̃ as followsx̃ 7→ x = Rx̃+ a, (10)where R is a three-dimensional rotation and a is the translationvetor with
α = − tan−1(√|1|2 os2 β − 233 )

,

γ = tan−1( 23 sin β + 1√|1|2 os2 β − 2313 sin β − 2√|1|2 os2 β − 23 ) ,a =
13  +

5|1|2 + 21TD23|1|2 , b =
23  +

4|1|2 − 11TD23|1|2 ,and where β and  are free. 35 / 38



Solution of SE (3) symmetri variational problemsAlthough only four equations of the system have been used to solvex , y and z , we know that the remaining equations have beensatis�ed.If we di�erentiate Ad(ρ(z))−1
υ(I ) =  with respet to s andrearrange we obtain

Dsυ(I ) = DsAd(ρ(z))Ad(ρ(z))−1
υ(I ),whih is equivalent to

Ds  υ(1)(I )
υ(2)(I )
υ(3)(I )
υ(4)(I )
υ(5)(I )
υ(6)(I )




=




0 κ 0 0 0 0
−κ 0 τ 0 0 00 −τ 0 0 0 00 0 0 0 −κ 00 0 −1 κ 0 −τ0 −1 0 0 τ 0







υ(1)(I )
υ(2)(I )
υ(3)(I )
υ(4)(I )
υ(5)(I )
υ(6)(I )




. (11)
36 / 38



Solution of SE (3) symmetri variational problemsThe system (11) is part of an elimination ideal as it only involvesinvariants.Hene, Equations (4),
|1|
κ

z̃ss = υ(2)(I ),and (7),
|1|
κ

(x̃ss ỹ − ỹss x̃)− 1TD2
κ|1| z̃ss = υ(5)(I )are automatially satis�ed.From the elimination ideal, we know that on solutions of theEuler-Lagrange equations the invariants υ(1)(I ) and υ(4)(I ) remainfree. 37 / 38
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